
 

a For example let q 2n
A B 50 2 4 2n 23
Then IAI IBI At B N

min q IAI IB 2 2h 1

any other subgroups of 2 22 would work
b Assume whog B B 0503

since At B u503 CA B
Follow outlines ofproofof CA Them
Do induction on IBI

IB 1 1 can be easily checked

Can assume 2 A p 2

Let Stab A Sg E 2 q2 g A A

So Stab A 212 2 I stab All 22
Then we have that stab A n B 503
otherwise for all be B 03 since b 9 1

we have that 2192 Lbs Stab A
contradiction

Restofproof follows the same as CD 0

We follow the same steps as the
polynomial methodproofofCA



We first show that if IAI IB 3 p
then C atblaeA.be B ab 23 2

Let me 212 Then

1 In A D B n A B1 1 n A U B
23

So there exists distinct as As as A
bi bi b f Bsuch that

a be an b Gst bs 2

Note that if atb n and as 1 then a b
are solutions of thepolynomial X NX LEAN
which has atmost 2 solutions sinceFp field
So there exists if 1 7,33 sit Gibi 1 some C

Now assume IA B 52 2 and assume

for contradiction IC IA IBI 4
Let m IAH B1 4 1C set

P x Y YM XY 1 IT X Y C

CEC

Thispolynomialhas degree IAI B 2 and
P a b 0 a b A B

The coefficientof
2 2

is IA HB 4
QueIA1 2



Contradiction follows as in the course

a Squares are 0 mod 4 so if 1 3 4
then p cannotbe sum of two squares
b If p 1 mod4 note that 1 is a

square modulopthere are many ways
to see this for example

from Euler criterion f C 1 2 4 E242
Also sine Ilp 2 cyclic gs.t.CZ p2cgsand1 g g p
Inparticular 02 x p s t X 1 0 mod

p
So X 1 mp with ocmap

Let me beminimal with property thatmp xty
C Suppose ms 1 Since 3 x y such thatx'ay mp
pick a b with 191 1b me such that

X a med m y b nod m

Note that x y
are not both multiplesof m

by assumption of ms 1 and minimalityof m
Then y atb 0 mod mi

so a b rm



Also a b mtg so oct 2 me
d Note that at yb a b o mod m

b ya ab ab 0 mod m

so Xaz e 2 y xb

ggee.fmp x7y a'tb2 1xatyb b ya
me X y

so I y rp with 0 2 r me
Contradiction with definitionof m
Follows the same steps as

previous
exercise Need to show that for eachprinepthere exists 0cm up with myxitxitxstxy.HR2 2 it t to to

Ifp 2 we saw in the course thatevery element
in Ilp 2 is a sum oftwo squares from CA
So there exists 0 21 int 1 11

I Xitx nadp
1 X5xXy mdp

Hence it it Xy mp with ocmcp
Restofprooffollows as previous exercise



a If hip 1 them

Eyx p 2

Now assure 14hCp 2

White Ilp 2 29s
where

g primitive
root

ofunity
Let d god h p s so h.dk giellk.fi 2
Then Zip 2 Lgks
Now Eph Eap Epith

Eels
ⁿd

d

Eti 22 L

d gk.gr 0

Since g I 1 as dep 1

b Note that PCI go
if PIKKO

1 else
Conclusion follows



c Note that

I.pt xi IIlEXY
Now if Eju cm

p s then ke 1 n

such that jeep 1 so EepX 0

This also shows that if deg a my 2then S Q 0

Q is a seem of monomials
d Conclusion folousby choosing a 1 PII

e If P x homogenous of degree oldin
then the number ofsolutionsto PCI 0 is a multiple

ofp
Sime 10 0 is a solution there are at

least
p 2 other solutions

a Since Sb CAB be B thenHsbc AtB
afA beB atbe A b c AbtBb Ss

so At B C Y Ss
b Let te Ab b
This implies be As_t so beBbn As t de Bg



AC Abc de Ab
Also At Bs de Ab d Bs with

Ab Bb IdeAs Ide Bs
c Minimality of Bs implies BscAz t teAsb
This implies As qq.glb

t AbtBstt

equivalently Bs bCstab Ab

d Since stabSs Stab As

Ss StabSs Ss StabAs IS Bb

As Bbl IA IB

e Since Sb At B we have

I AtB Stab ATB min 15s 1Stab15511 IAH

Note that A H B H At B
and Stab At H B A H

Apply to A At H B Bt H

a Assume we know for union of 2 sets

1520 USKI 1Stab Sev Usa
min 152 Stabsel 1520 use stab Szu use 3



mgnls.lt SfabSj1 by induction hypothesis
b Let H Stab Si Ho Has H2
Note that Si 1s Hi so Si is a

union ofcasets ofHi
This shows all sets Ss Sr Seuss StabSusa

Stab52 Stabs arr unions of cosets ofHo
Can assume Ho 503

c If the hit Ha ha hiette with
hath hit hi he hi hi he

heh hi hi
IHetHe HellHal

d let h the he EHz

thethe the Sal thatH2 n Sal
oct Hz 7151 22 bet Halo St

Similarly for K2 x

For all x e S 18152 U 2 11 L1 K2
Also X H is a union of he cosets of H1
and k of them are inside S1



e If fxs.t.ock.lt 2hr ock2lx7ch1
then 15152 151Se keke hi K2 1h2 K1

he 1 1h2 1

at least one of ISIS hi 2 is true

But then S Isil hi 1171

12 21 Isil

f if K1 x 0 2k2 x Kely 02 k ly

15152115152 15152 next H s Salolyth
Kily he k x h hehe

Conclusion follows as above

g Note that if e So then K x 0

Similarly for eS2 K2 x 0

Note thatif k x L2 and kex hi then
xtH2C S1 X H CS2
K H C S1 Kt HC S2

Conclusion follows
So we musthave K2 x L2 ES2

Hate C S2 xeS2
H Stab S2

He Stab Sus conclusionfollows



Check
any

number theory book for
possibly many

different proofs of
quadratic reciprocity



8 a Quadratic reciprocity states that
if p q are oddprimes then

E E C 11

Assure QR holds

If p q need4 a inparticular p 147
so 11ᵗʰ C17ᵗʰ

If k 1 then p E med 8

E E 1 1 11718
2 p 3 5 8

If r aprime f
e

r 2

E C17ᵗʰ ESind r p 2
peg

4

If p Elmod 49
If 2 a

p 2 need8 Ep Z
If ma r 2 F E 1 27
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F 1 a La

E ME a E

E since 1 e
t

1

Select a p q depending on

congruences mad 4

b Evaluate 2 a Ira E a modp
in two different ways

c


